
J. Appl. Phys. 126, 173905 (2019); https://doi.org/10.1063/1.5125595 126, 173905

© 2019 Author(s).

Influence of dipolar interactions on the
magnetic properties of superparamagnetic
particle systems
Cite as: J. Appl. Phys. 126, 173905 (2019); https://doi.org/10.1063/1.5125595
Submitted: 23 August 2019 . Accepted: 17 October 2019 . Published Online: 04 November 2019

F. Fabris, Kun-Hua Tu, C. A. Ross, and W. C. Nunes 

ARTICLES YOU MAY BE INTERESTED IN

Magnetic and Plasmonic Nanoparticles for Biomedical Devices
Journal of Applied Physics 126, 170401 (2019); https://doi.org/10.1063/1.5130560

Engineering nonlinear response of superconducting niobium microstrip resonators via
aluminum cladding
Journal of Applied Physics 126, 173906 (2019); https://doi.org/10.1063/1.5121758

Thermal expansion in insulating solids from first principles
Journal of Applied Physics 126, 171102 (2019); https://doi.org/10.1063/1.5125779

https://images.scitation.org/redirect.spark?MID=176720&plid=1087013&setID=379065&channelID=0&CID=358625&banID=519848093&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=ad80d4e33fdfc0af2d4ab2d42a5a7ea86f258e7e&location=
https://doi.org/10.1063/1.5125595
https://doi.org/10.1063/1.5125595
https://aip.scitation.org/author/Fabris%2C+F
https://aip.scitation.org/author/Tu%2C+Kun-Hua
https://aip.scitation.org/author/Ross%2C+C+A
https://aip.scitation.org/author/Nunes%2C+W+C
http://orcid.org/0000-0002-9908-2098
https://doi.org/10.1063/1.5125595
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5125595
http://crossmark.crossref.org/dialog/?doi=10.1063%2F1.5125595&domain=aip.scitation.org&date_stamp=2019-11-04
https://aip.scitation.org/doi/10.1063/1.5130560
https://doi.org/10.1063/1.5130560
https://aip.scitation.org/doi/10.1063/1.5121758
https://aip.scitation.org/doi/10.1063/1.5121758
https://doi.org/10.1063/1.5121758
https://aip.scitation.org/doi/10.1063/1.5125779
https://doi.org/10.1063/1.5125779


Influence of dipolar interactions on the magnetic
properties of superparamagnetic particle systems

Cite as: J. Appl. Phys. 126, 173905 (2019); doi: 10.1063/1.5125595

View Online Export Citation CrossMark
Submitted: 23 August 2019 · Accepted: 17 October 2019 ·
Published Online: 4 November 2019

F. Fabris,1 Kun-Hua Tu,2 C. A. Ross,2 and W. C. Nunes1,a)

AFFILIATIONS

1Instituto de Física, Universidade Federal Fluminense, Niterói, 24210-346 Rio de Janeiro, Brazil
2Department of Materials Science and Engineering, Massachusetts Institute of Technology, Cambridge,

Massachusetts 02139, USA

a)Electronic mail: wnunes@if.uff.br

ABSTRACT

Magnetic effects caused by dipolar interactions in single-domain magnetic ensembles at finite temperatures are described. A modified
superparamagnetic approach based on the mean field theory and random anisotropy model has been developed to describe the magne-
tization curves of nanoparticle assemblies. The model was used to fit experimental zero-field-cooled and field-cooled magnetization
curves in Fe3O4 nanoparticles embedded in paraffin. The fitting parameters were based on structural properties of the materials and the
strength of the interactions between nanoparticles. The model provides a quantitative description of the effects of the nanoparticle inter-
action with good agreement with the experiment. In addition, the model was adapted to describe magnetic properties of a NiFe thin
film patterned into a nanodot array, showing potential to be used as a framework to predict magnetic interaction effects in high-density
2D arrays such as bit patterned media.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5125595

I. INTRODUCTION

Magnetic nanoparticles have shown great potential for appli-
cations in many fields of science and technology.1–3 Experimental
studies of these systems have revealed that magnetic interactions
between nanoparticles often play an important role in their collec-
tive behavior. However, the theoretical description of magnetic
behavior for single-domain systems is often based on a superpara-
magnetic framework that neglects interaction effects. Such interac-
tions can be manifested through exchange, indirect exchange,
Ruderman-Kittel-Kasuya-Yosida (RKKY), or dipole-dipole interac-
tions.4 In fact, deviations between the magnetization expected from
a superparamagnetic model and experimental data have been
reported even for very dilute nanoparticle systems.4–6

Experimental and modeling studies indicate that the mag-
netic response of single-domain assemblies is characteristic of
coupled reversal of clusters of nanoparticles with an effective
volume that exceeds the physical volume of the particles.7,8 For
example, in particulate or thin film magnetic recording media,
there are features in the noise spectra that are consistent with the
formation of chains or clusters of particles with a common mag-
netization direction.9–11 Interactions are also expected to play a

role in the behavior of high-density bit patterned media in which
one bit of information is stored in an individual nanostructure in
close proximity to its neighbors.

Interactions influence not only the measured switching field dis-
tribution but also the temperature-dependent magnetic stability.12–14

Interaction effects may be identified by analysis of the blocking
temperature obtained from AC or DC magnetization curves.8,15

Nevertheless, there is still a lack of modeling approaches that are able
to predict and describe the macroscopic magnetic behavior such as
the zero-field-cooled (ZFC) and field-cooled (FC) curves that are
widely used to characterize single-domain magnetic systems.

In this paper, we present magnetic measurements of two
different nanomagnet systems: iron oxide nanoparticles embedded
in paraffin and a patterned film consisting of FeNi nanodots. We
observe that the FC curve is considerably affected by interactions
between nanoparticles even for highly dilute samples (lower than
0.05 vol. % of iron oxide). Increasing the concentration of nano-
particles leads to an increase of the temperature at which the ZFC
curve exhibits a maximum. The FeNi nanodots exhibit magnetic
behavior similar to that observed for samples with high concentra-
tions of nanoparticles.
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We propose a phenomenological model to describe the observed
interaction effects on the magnetization curves that accounts for the
behavior of all the samples in this study. To achieve this end, we com-
pared experimental data with predictions of the superparamagnetic
model and adapted the model to describe the effects of the magneto-
static interactions. Even for the more dilute nanoparticle system of
this study, deviations between the experimental data and the super-
paramagnetic model are observed. In this case, a simple inclusion of
an effective interaction field within the mean field approximation
was found to be quite appropriate. However, this model is unable to
express the increase in the magnetic stability temperature with
increasing interaction strength. Thus, a further modification is per-
formed to include the possibility that neighboring nanoparticles
reverse together, i.e., the nanoparticles are magnetically correlated
within a volume that depends on the interaction strength. Each group
of coupled nanoparticles is considered to behave as an effective nano-
particle with volume and anisotropy that can be obtained by a simple
adaptation of the random anisotropy model (RAM). Our model
provides a quantitative analytical expression relating the individual
and collective properties to the magnetization curves of nanoparti-
cle systems for a wide range of concentrations.

II. EXPERIMENTAL

Magnetic iron oxide nanoparticles capped by an oleylsarcosine
surfactant were prepared by colloidal synthesis. The oleylsarcosine
covers the Fe3O4, which limits agglomeration and permits a good dis-
persion of the particle in nonpolar solvents like toluene, hexane, and
paraffin. Details of the sample preparation and structural characteriza-
tion have been reported elsewhere.6 The as-synthesized nanoparticles
are mainly composed of Fe, but the slow oxidation process leads to a
disordered nanocrystalline Fe oxide. Mössbauer spectroscopy showed
that the majority of magnetic phase resembles magnetite, Fe3O4.

6

Images obtained by transmission electron microscopy (TEM) revealed
spherical nanoparticles with a mean diameter DTEM ¼ 7:1 nm and a
very narrow size distribution σTEM ¼ 0:08. The small angle x-ray
scattering (SAXS) analysis gave DSAXS ¼ 7:3 nm, similar to TEM,
but a larger size distribution σSAXS ¼ 0:17. In the quantitative
analyses performed here, we have used the size distribution
obtained by SAXS since its data are obtained from a larger volume
of material. The TEM size distribution is likely an underestimate
because particles of similar size tend to aggregate during disper-
sion on the TEM grid.

To evaluate the dipolar magnetic interactions, we studied samples
with different concentrations of Fe3O4 nanoparticles dispersed in
paraffin. The dilution was performed just above the paraffin melting
point and followed by sonication. The solution has uniform color
and a good stability even when the paraffin was liquid, indicating
uniform dispersion. The mass concentrations of the colloid samples
were 0.05%, 0.5%, 5%, and 45%. Considering the paraffin and Fe3O4

densities of 0.9 g/cm3 and 5.17 g/cm3, respectively, the volume frac-
tion (x) was 0.0087%, 0.087%, 0.91%, and 12.5%, respectively. For
comparison, a powder sample was made without paraffin. Its volume
fraction x was estimated considering the average spacing between
nanoparticles (�2:4 nm) leading to x � 31:5%.

A sample of magnetic dots made from a thin film of Ni50Fe50
was made using block copolymer lithography.16 A sputtered NiFe

film was coated with a polystyrene-b-polydimethylsiloxane block
copolymer, which was annealed and subsequently etched to produce
oxidized polydimethylsiloxane dots on the surface that serve as an
etch mask. Ion beam etching in Ar was used to transfer the pattern
into NiFe. The resulting sample consisted of locally close-packed dots
of NiFe with an average diameter of 31.4 nm, thickness of 18.6 nm,
and center-to-center spacing of 38.6 nm.

ZFC and FC (at 20 Oe) magnetization measurements were per-
formed in a superconducting quantum interference device (SQUID)
magnetometer (Quantum Design MPMS XL7). Fits were performed
with a weighted least-squares fit method and assuming that each
data point provides equally precise information about the determin-
istic part of the total process variation, i.e., the standard deviation of
the error term is constant over all values of the variables.

III. RESULTS AND DISCUSSION

A. Signature of magnetic interactions in colloidal
nanoparticles

Figure 1 shows the ZFC and FC magnetization curves obtained
for samples of Fe3O4 nanoparticles with mass concentrations of
0.05%, 0.5%, 5%, 45%, and the Fe3O4 powder sample. For the most
dilute sample (0.05%), the distance between particles is very large
(�150 nm), and, therefore, it is expected that magnetic interactions
have negligible effects on the magnetic behavior of this sample.
Therefore, we fit the ZFC and FC curves using the superparamagnetic
model that is described in the Appendix [Eqs. (A5) and (A6)], con-
sidering the average diameter and the distribution of size obtained by
SAXS, the temperature dependence of saturation magnetization is
given by MS(T) ¼ MS[1� (T=T0)

1:5],17 where MS ¼ 490 emu/cm3

and T0 ¼ TFe3O4
C ¼ 800K as the saturation magnetization and Curie

temperature of bulk Fe3O4, respectively.
18 Magnetic anisotropy was

treated as a fitting parameter, yielding a value of K ¼ (3:75+ 0:03)�
105 erg/cm3. The fitting results are shown in Fig. 1 (dashed-dotted
black lines). The superparamagnetic model offers a good description
of the ZFC curve for the most dilute sample, but there is a deviation
between the fitting curve and the FC data, mainly at lower tempera-
tures (,50 K) where the magnetization of the sample is high and
the superparamagnetic model (SPM) overestimates the magnetiza-
tion. Many authors have attributed such deviations to magnetic
interactions between the nanoparticles19–21 since the superparamag-
netic model does not consider magnetic interactions. For example,
Bender et al. found that 10 nm diameter superparamagnetic iron
oxide formed clusters with sizes on the order of 70 nm.22

Figure 1 shows that as the concentration of nanoparticles
increases, so does the temperature where the ZFC magnetization is
maximum and the low-temperature range where the FC curves
flatten out. We conclude that although the superparamagnetic model
describes the ZFC magnetization curve of the highly dilute sample
quite well, it does not fit well to either of the ZFC or FC magnetiza-
tion curve for samples with higher nanoparticle concentrations.

B. Interaction model

To better describe the experimental results, we propose a
modification of the superparamagnetic model based in the mean
field theory. We consider the existence of a mean interaction field
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Hint affecting all particles whose magnitude is proportional to the
magnetization of the sample

Hint ¼ H0
int

M(H, T)
Mmax

, (1)

where H0
int is the maximum mean field interaction value and

Mmax ¼ 25M2
SHDC=3KT is a normalization factor that we assume

is equal to the maximum value of the FC magnetization curve for a
superparamagnetic system. Therefore, if an external magnetic field
HDC is applied, the nanoparticles will be subject to an effective field
Heff given by the sum of the external applied field and the mean
interaction field Hint , i.e.,

Heff ¼ HDC þ Hint: (2)

Replacing HDC by Heff in Eqs. (A5) and (A6) (see the Appendix)
shows that the magnetization does not have a trivial analytical sol-
ution. To solve this equation, we use an iterative method where at
least three iterations were needed to obtain a good convergence for
all curves studied in this work.

Inserting the mean field interaction Hint into the super-
paramagnetic model, it was possible to fit the ZFC and FC
curves of the most dilute sample, shown by the dashed blue
line in the upper panel of Fig. 1. The adjustable parameters
were K ¼ (3:74+ 0:04)� 105 erg/cm3 and H0

int ¼ �(6:3+ 0:2) Oe.
Therefore, by including the mean field interaction, it is possible to
describe the reduction of the magnetization observed at low temper-
atures for the FC curves compared to the superparamagnetic predic-
tion. The part of the data most affected by the inclusion of an
interaction field is exactly the range with the highest magnetization
value, which validates the use of relation (1).

Although this modification to the superparamagnetic model
is able to describe the ZFC and FC data of the highly diluted
sample, it does not work very well to fit the magnetization curves
of samples with higher concentrations of nanoparticles, shown by
the dashed blue lines in Fig. 1. The mean field interaction fails to
describe the increase of the energy barrier (the temperature where
the ZFC curves exhibit a maximum) as the nanoparticle concen-
tration increases, as reported by several authors.23–25

It is well established that the large effective dipole moments of
nanoparticles can result in cooperative magnetic behavior when the
nanoparticles are densely packed, even leading to a ferromagnetic
domain structures observed in cases such as monolayers of ordered
nanoparticles or nanoparticles within a SiO2 matrix.7,26 Nunes et al.8

developed a phenomenological model that assumes a ferromagnetic
coupling between nanoparticles to describe the dependence of the
average blocking temperature on the interaction. This model was
based on the random anisotropy model, originally developed to
explain the ferromagnetic properties of amorphous ferromagnets.27–29

The authors considered the existence of ferromagnetic coupling of
nanoparticles within a distance L (called the correlation length) that
depends on the magnetic field according to a relation obtained from
small angle neutron scattering data30

L ¼ Dþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Aeff

MS(HDC þ C)

s
, (3)

where D is the average diameter of the particles and Aeff is an
interaction intensity parameter describing how strongly the par-
ticles can be coupled, which for amorphous ferromagnets is the
exchange stiffness. Parameter C is a constant field introduced to
eliminate the divergence of L when the magnetic field goes to
zero.8 When HDC ¼ 0, we have an initial correlation length

FIG. 1. Experimental and fitted ZFC and FC magnetization curves for Fe3O4
nanoparticles diluted in paraffin with concentrations of 0.05%, 0.5%, 5%, 45%,
and the powder sample (from top to bottom). The dashed-dotted black line is
the fitting of the experimental results using the superparamagnetic model
(SPM). The dashed blue lines are the fitting curves considering the existence of
a mean interaction field between the nanoparticles. The solid red lines are the
fitting curves considering the mean interaction field as well as magnetic correla-
tions between nanoparticles. Data used with permission from Phys. Rev. B 72,
184428 (2005). Copyright 2005 American Physical Society.
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[L0 ¼ L(HDC¼0) ¼ Dþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Aeff =MSC

p
] that depends on the interac-

tion strength and magnetic history.
Here, we will use Eq. (3), replacing HDC by Heff . In this case,

the temperature dependence of the effective field Heff from Eq. (2)
will generate a temperature dependence for L so that the highest
value of L will occur at the temperature at which the ZFC curve
exhibits a maximum. Such behavior was observed in a neutron
scattering experiment on Co nanoparticles in a SiO2 matrix31 but
was not taken into account in the original model.

When the magnetization of the nanoparticles is correlated by
the effects of Hint , the system still preserves its superparamagnetic
properties but with particle volume and anisotropy now corre-
sponding to the group of interacting particles. This represents a
renormalization based on the parameters of the cluster: the
effective magnetic anisotropy (Keff ) and effective nanoparticle
volume (Veff ). These are related to the individual nanoparticle
parameters (V and K) by the relations8

Keff ¼ Kffiffiffiffi
N

p , Veff ¼ π

6
D3N , N ¼ 1þ x

L3 � D3ð Þ
D3

, (4)

where N is the number of correlated particles in each group and x
is the volume fraction of magnetic nanoparticle in the matrix.

Based on the above, the correlated energy barrier for coupled
nanoparticles (Keff Veff ) and the effective blocking temperature
(TBeff ) can be calculated by replacing the energy barrier of an indi-
vidual particle in Eq. (A3) by the parameters of the cluster

TBeff ¼
πKD3

150kB

ffiffiffiffi
N

p
1�Heff MS

ffiffiffiffi
N

p

2K

" #3
2

: (5)

Experimental curves obtained from interacting single-domain
magnetic systems can be fitted using this value of TBeff and taking
Heff ¼ HDC þHint .

C. Magnetization curve fitting

The interacting nanoparticle model described above was
fitted to experimental ZFC and FC curves of Fe3O4 samples at
different concentrations. We considered the renormalized parameters
for blocking temperature [Eq. (5)] and the effective field [Eq. (2)] in
the superparamagnetic approach [Eqs. (A5) and (A6)]. We assumed
the saturation magnetization value of MS ¼ 490 emu/cm3 and
T0 ¼ TFe3O4

C ¼ 800 K for bulk Fe3O4; we fixed the average diame-
ter as the value obtained by SAXS (D ¼ 7:3 nm) and the external
applied field HDC ¼ 20 Oe. The anisotropy K and exchange stiffness
Aeff were regarded as free parameters only in the fitting for the
powder sample, which yields values of K ¼ 3:2(0:5)� 105 erg/cm3

and Aeff ¼ 7:7(5:6)� 10�7 erg/cm, respectively. These values were
assumed fixed in the fitting process of samples with lower concen-
trations. Therefore, we fitted the other samples (x ¼ 0:05% to
x ¼ 45%) using only three parameters: C, H0

int , and σeff . Table I
shows the best fit parameters obtained from fitting the interacting
model to the ZFC and FC curves of Fe3O4 nanoparticles. The red
lines in Fig. 1 are the best fit curves. The model fits the experimental
ZFC and FC curves very well for all the values of nanoparticle

concentration in this study. The previously published model that
addresses the interactions between nanoparticles considering the
random anisotropy model is able to describe the variation of the
average blocking temperature as a function of the external applied
magnetic field.8 However, considering the mean interaction field
together with the random anisotropy model in the present work, it
was possible to describe all properties of the ZFC and FC curves
from the structural data of the nanoparticles.

The best fit values for both C and H0
int increase with the particle

concentration. C is positive and H0
int is negative, which means that

field C has the same direction as the external applied field HDC and
H0

int has the opposite direction. Sankar et al.
31 have shown by neutron

scattering that the groups of ferromagnetically correlated nanoparticles
are arranged in a closed flux configuration in order to minimize the
stray field. Therefore, C may be associated with dipolar interactions
between neighboring nanoparticles, while H0

int is associated with a
demagnetizing field acting between groups of nanoparticles. These
two parameters, therefore, relate to dipolar interactions, which are the
only type of magnetic interaction between the nanoparticles.

In order to provide insight into the proposed interacting
model, we show in Fig. 2(a) the number of correlated particles N at
0 K as a function of particle concentration (xv) acquired by fitting
the interacting model [Eqs. (2), (5), (A5), and (A6)] to the ZFC
and FC magnetization curves. N is almost independent of the mag-
netization measurement mode (ZFC or FC) and increases with the
particle concentration. Also, we show in Fig. 2(c) the distribution
of effective blocking temperature f (TBef ) determined from the
model. The width of the effective energy barrier distribution (σeff )
as a function of N has a minimum, shown in Fig. 2(b). If we just
consider groups of correlated nanoparticles with the same number
of nanoparticles in each, N , it is expected that the width of the dis-
tribution of the effective energy barrier will decrease according to
σeff ¼ σV=

ffiffiffiffi
N

p
. However, in a real system, the number of correlated

particles is not the same for all groups, i.e., there is a distribution
f (N) that affects σeff . This behavior is more evident when the
number of correlated nanoparticles increases. This effect may
explain the increases observed for σeff for larger N in Fig. 2(b).

We also study the effect of interactions on the temperature
dependence of the coercive field HC of the Fe3O4 nanoparticles.
Figure 3 shows HC curves as function of the temperature for different
Fe3O4 nanoparticle concentrations (5%, 45%, and the powder sample).

The coercive field vs temperature curve, Hc(T) of an assembly
of single-domain particles can be calculated from their distribution

TABLE I. Parameters obtained by fitting the correlated nanoparticles model
[Eqs. (2), (5), (A5), and (A6)] to ZFC and FC curves of Fe3O4 nanoparticles. H0

int is
the mean interaction field between groups of nanoparticles, C is a field associated
with L in Eq. (3), σeff is the effective width of the distribution of nanoparticles f (TBeff ),
and N is the number of correlated particles derived from the ZFC curve at 300 K.

Sample C (Oe) H0
int (Oe) σeff N

0.05% 0 ± 4 −10.4 ± 0.1 0.29 ± 0.01 1.6
0.5% 20 ± 1 −10.6 ± 0.2 0.31 ± 0.04 3.1
5% 95 ± 1 −12.5 ± 0.1 0.25 ± 0.01 6.1
45% 692 ± 8 −13.4 ± 0.1 0.27 ± 0.01 8.2
Powder 759 ± 19 −16.0 ± 0.2 0.41 ± 0.03 17.4
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of blocking temperatures according to the model described in
Ref. 21. Here, we use this model to fit experimental Hc(T) curves
of the Fe3O4 nanoparticles using two different effective distribu-
tions of blocking temperature f (TBeff ). First, we calculated f (TBeff )
resulting from the ZFC analysis using the interacting model
described in Sec. III B. Hc calculated from f (TBeff ) in the interacting
model fails to match the experimental data of all the samples, shown
in the red dashed lines in Fig. 3. Hc obtained from the fitting process
overestimates the experimental values, indicating that f (TBeff )
obtained from the ZFC and FC curves has a higher average blocking
temperature than the Hc experimental data, as also observed by
Nunes et al.21 We also fitted Hc vs T curves considering f (TBeff ) with
H0

int as the only free parameter for each sample. The values for these
samples are shown in Table II. The adjusted Hint values exceed those
obtained from ZFC/FC curves, indicating that the Hc vs T curve has
a distribution of energy barriers different from that associated with
the ZFC/FC curves.

For an assembly of single-domain magnetic particles, the
interaction effects depend on the history of the magnetization state
of the system.21 In the ZFC (FC) measurement, the sample is
cooled at zero (small) external applied field, and the measurement
starts when the magnetization is not well oriented. In contrast, the
Hc data are obtained starting from the saturated state. Therefore,
the prior state of magnetization of the ZFC/FC measurements
differs from that of the Hc measurements, and according to Eq. (2),
the internal interaction field of the two curves is expected to be
different. This assumption is confirmed by comparing the H0

int
values with the Heff values shown in Tables I and II.

D. 2-Dimensional nanodot array

We have applied our phenomenological model to study the inter-
action effects on a NiFe (Ni50Fe50) nanodot array. The morphology of
the nanodots can be seen from the top-view and cross-section SEM
images shown in the left column of Fig. 4. The particles are circular in
shape with a domelike height profile and are arranged in a two-
dimensional close-packed pattern with structural correlation length of
order 10 periods. The distributions of particle diameters and heights
are shown in the right column of Fig. 4. The top-view SEM image
shows a narrow distribution of diameters (σ ¼ 0:11) following a
Gaussian distribution with an average value of D ¼ 31:4 nm. An
estimate of the average center-to-center distance is d ¼ 38:6 nm,
and the fractional surface coverage of metal is x ¼ 0:60. The analy-
sis from the cross-section SEM image resulted in an average height
of h ¼ 18:6 nm and a distribution width of σ ¼ 0:19.

Figure 5(a) shows the ZFC and FC magnetization curves of
the nanodots measured under an external magnetic field of 50 Oe
applied parallel to the substrate. The ZFC exhibits a maximum
around 230 K. The FC magnetization curve deviates from superpar-
amagnetic behavior, exhibiting a decrease of magnetization as the
temperature decreases below the maximum of the ZFC curve. In
order to describe this behavior observed for ZFC and FC magneti-
zation curves, we adapt the interacting model to consider interac-
tions in two dimensions. In this case, N should be written as

N ¼ 1þ x
(L2 � D2)

D2
: (6)

FIG. 2. (a) Number of correlated nano-
particles, N, obtained from the ZFC
and FC fitting as a function of concen-
tration of Fe3O4 nanoparticles. (b)
Width of the distribution of the effective
energy barrier σeff as a function of N.
(c) Distribution of effective blocking
temperature f (TBeff ). The solid red line
in (b) shows σV=

ffiffiffi
N

p
.
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Since the particles have a semiellipsoidal shape with height h and
diameter D, the effective magnetic volume of correlated particles
will be given by

Veff ¼ N
2π
3
hD2, (7)

and based on Eqs. (6) and (7), the blocking temperature for this
system will be

TBeff ¼ K
2π
75kB

ffiffiffiffi
N

p
hD2 1� HDCMS

ffiffiffiffi
N

p

2K

� �3
2

: (8)

Considering the blocking temperature described by Eq. (8)
and the internal field Hint due to interactions [Eq. (2)] in the
Eqs. (A5) and (A6), we obtain a modified expression based on the
superparamagnetic model to describe the ZFC and FC magnetization
curves. We fitted this interacting model to the ZFC and FC magneti-
zation curves, using the structural parameters obtained by SEM
images, the saturation magnetization measured from the magnetiza-
tion curve at 10 K (MS ¼ 300 emu/cm3), and the magnetization vs
temperature dependence used in Sec. III B with T0 ¼ 800 K (Curie
temperature of bulk Ni50Fe50).

32 The measured MS is assumed to be

FIG. 3. Coercive field Hc as a function of temperature for 5% and 45% concentra-
tion and the powder sample. The red dashed lines are Hc curves calculated using
f (TBeff ) obtained from the fitting of the interacting model to the ZFC curve of each
sample. The blue lines show the fitting of Hc using only H0

int as a free parameter.

TABLE II. Hint values obtained from the analysis of Hc vs T curves.

Sample H0
int (Oe)

5% 91 ± 6
45% 407 ± 15
Powder 186 ± 76

FIG. 4. (a) Scanning electron micro-
scope images of the Ni50Fe50 nanodots
showing a close-packed arrangement.
(b) Cross section tilted view SEM
image of the Ni50Fe50 nanodots. (c)
Distribution of nanodot diameters and
(d) distribution of nanodot heights.
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reduced from its bulk value due to surface oxidation of the nano-
dots; by using the bulk MS, a lower particle volume is inferred.
Finally, we assumed Hint , C, Aeff , K , and σeff were free parameters
of the fitting. The interacting model gave a good match to the
experimental data for both ZFC and FC magnetization curves over
the temperature range, as shown in Fig. 5. The best fit values were
K ¼ 2:0(1)� 104 erg/cm3, σeff ¼ 0:33(1), C ¼ 2300(300) Oe, and
Aeff ¼ 8(2)� 10�7 erg/cm.

In order to check the consistency of the proposed model, some
of the parameters obtained from the ZFC and FC curve fitting were
used in the analyses of the Hc vs temperature behavior of the nano-
dots. The experimental data and the fitted curve using the model
described in Ref. 21 are shown in Fig. 5(b). The fit was performed
considering H0

int and the anisotropy field Hk as free parameters, which
yields H0

int ¼ 450(20) Oe and Hk ¼ 1430(120) Oe. Considering this
value of Hk and assuming that the easy axes of magnetization of the
nanodots are randomly oriented, we can estimate the anisotropy

energy for this system using the Stoner-Wohlfarth model. This gives
K ¼ 3:8� 105 erg/cm3, which is one order of magnitude higher
than the K value obtained from the ZFC and FC analysis. This
result may be due to the fact that the reversal of particles does
not take place as a fully coherent rotation of the magnetization, as
found, for example, in 30 nm diameter Ni particles. 33

IV. CONCLUSIONS

We have developed a phenomenological model that describes
the ZFC and FC magnetization of an ensemble of single-domain
magnetic particles from the superparamagnetic to superferromag-
netic state. The magnetization curves are described in terms of
the structural parameters of individual single domain particles,
allowing a quantitative analysis of the interaction over a wide
range of particle concentration. We show that the interaction can
be described by an internal magnetic field that is proportional to
the magnetization and that correlated reversal of particles is also
important in these systems. We observed that the interaction
depends on the temperature and the magnetic history, making
the effective blocking temperature distribution different for the
ZFC and FC curves and with different characteristics of the size
distribution. We show that magnetic correlations between the
single-domain particles affect the magnetization properties of
Ni50Fe50 nanodots in a two-dimensional array. We also insert a
dependence of the correlation length on temperature and give
physical insight into the fitting parameters.

APPENDIX: NONINTERACTING NANOPARTICLE
SYSTEMS

Single-domain magnetic systems have been treated as undergo-
ing uniform rotation according to the classical Stoner-Wohlfarth
(SW) model.34 The particle has two low-energy states in which the
magnetization is oriented along the direction of the easy axis. These
states are separated by an energy barrier ΔE, which can be approxi-
mated by KV, where K is the anisotropy constant and V is the par-
ticle volume. The relaxation time τ is strongly dependent on ΔE and
temperature T and can be described as35

τ ¼ τ0 expKV=kBT , (A1)

where the characteristic time constant τ0 is usually taken in the
range of 10�11to10�9 s and kB is the Boltzmann constant. When
kBT � KV , τ is large and the particle is blocked, and when
kBT � KV , τ is small and the particle is superparamagnetic. The
temperature which separates the two regimes, called the blocking
temperature TB, is dependent on the observation time τobs as follows:

TB ¼ KV
kB ln (τobs=τ0)

, (A2)

where τobs ¼ 100 s is a typical measurement time used in magnetiza-
tion measurements.

An external applied field HDC also affects the blocking temper-
ature of a single-domain nanoparticle by changing the energy

FIG. 5. (a) ZFC and FC curves of the Ni50Fe50 nanodots. Red lines are the
fitted curves considering the interacting model. (b) Hc vs temperature curves of
the Ni50Fe50 nanodots. The red line is the fitting curve considering an effective
distribution of nanodot volumes.
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barrier.36,37 A simple expression is usually considered

TB(HDC) ¼ KV
kB ln (τobs=τ0)

1�HDC

HK

� �α
, (A3)

where HK is the anisotropy field (HK ¼ 2K=MS, MS being the satu-
ration magnetization) and the exponent α is close to 1:5.8,38

However in any real fine particle system, there is a distribution
of particle sizes and, therefore, a distribution of blocking tempera-
tures f (TB) with width σ. The distribution is generally assumed to
be Gaussian and can be written as

f (TB) ¼ 1ffiffiffiffiffi
2π

p
σTB

exp �
T
TB
� 1

� �2

2σ2

2
64

3
75: (A4)

Therefore, we can describe a typical temperature dependence
of zero-field-cooling (ZFC) and field-cooling (FC) magnetization
measurements, neglecting interaction effects among the particles
as39

MZFC(HDC , T) ¼ 25M2
SHDC

3KT
1
Ω

ðT
0
T2
Bf (TB)dTB

þM2
SHDC

3K
1
Ω

ð1
T
TBf (TB)dTB, (A5)

MFC(HDC , T) ¼ 25M2
SHDC

3KT
1
Ω

ðT
0
T2
Bf (TB)dTB

þ 25M2
SHDC

3K
1
Ω

ð1
T
TBf (TB)dTB, (A6)

where Ω ¼ Ð1
0 TBf (TB)dTB and T is the absolute temperature.

Equations (A1)–(A6) form the base of the study of single-
domain particle assemblies, but they are valid only for noninteract-
ing nanoparticles. Interparticle interactions require nontrivial mod-
ifications of the model.
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